ABSTRACT Fault diagnosis is of vital importance in safety and reliable operations of modern electromechanical systems. Advanced signal processing techniques are indispensable for extracting incipient features from measured dynamical signals. For discrete wavelet analysis, shift-invariance and proper frequency-scale configuration are both necessary for effective investigation of incipient fault features. In this paper, a novel fractal lifting scheme is proposed based on redundant second generation wavelet packet decomposition (RSGWPD). Implicit wavelet packets (IWPs), generated via fractal lifting scheme, can realize a novel centralized multiresolution. It is demonstrated that each IWP inherits the property of exact shift-invariance originated from redundant lifting scheme. In addition, a novel concept of nested centralized wavelet packet cluster is introduced for explaining merits provided by sets composed of IWPs. The numerical simulations were employed to validate the benefits of exact shift-invariance in a multiscale analysis of discrete time series. RSGWPD and IWPs are combined to conduct multiscale expansion of vibration measurement. To further explore optimal features, an indicator of spatial-spectral ensemble kurtosis is utilized to select optimal analysis parameters. The proposed technique was successfully applied to case studies of gearbox fault diagnosis as well as bearing fault diagnosis. The comparisons were made between results by the proposed technique and those provided by some other mainstream adaptive signal decomposition methodologies. It is verified that the combination of exact shift-invariance and centralized multiresolution significantly enhances the performance of incipient fault feature extraction of nonstationary vibration signals.
I. INTRODUCTION
Rotating machinery (RM) covers wide range of applications in modern industrial fields. In transmission chains of RM, mechanical components are indispensable for transmitting power and torque [1] , [2] . Owing to harsh working conditions, such as high temperature, high speed, heavy alternating load, and erosive environment, faults are likely to occur on bearings, gears and other types of rotors [3] - [5] . Health prognosis and fault diagnosis should be applied to monitor health states of key electromechanical systems with the purpose of The associate editor coordinating the review of this manuscript and approving it for publication was Chuan Li.
reducing major mechanical downtime, preventing huge economic loss, and preventing fatal casualties [6] , [7] .
During the past decades, fault diagnosis using vibration signals has attached attentions in scientific communities. A challenge task lies in extracting incipient fault features masked by multiple types of interfering. In order to accomplish this task, advanced signal processing techniques (ASPTs) are indispensable. Applications using advanced ASPTs can be roughly categorized into two types. The first type focuses on abnormal feature identification using such advanced techniques, which requires a great amount of expertise to ensure successful investigations [8] , [9] . The other type is the combination of such techniques with other artificial intelligence methodologies, with the purpose of automatically specifying whether it has faults or not and specifying fault type as well as fault severity [10] , [11] . The second type is capable of handling relatively large amount of data and reduces excessive dependency of professional expertise [12] , [13] .
Serving as a common ground of these two types of applications, the development of ASPTs has become a hot topic with the rising of high performance chips. Wavelet transform is a well known time-scale analyzing method that decomposes an input signal into a number of subspaces with different passing-bands [14] , [15] . It has been widely used for fault diagnosis of mechanical components. Wang investigated bearing fault diagnosis based on wavelet packet denoising and random forest classifier [16] . Guo et al. employed continuous wavelet scalogram and convolutional neural network for multi-classify problem of rotors [17] . Liu et al. proposed a hybrid intelligent method for multi-fault detection of rotating machinery based on redundant second generation wavelet transform [18] . Qu et al. demonstrated the superiority of dual tree complex wavelet packet decomposition and applied it in bearing fault diagnosis of an electric locomotive [19] . Wang et al. investigated wavelet-like filtering properties of variational mode decomposition and applied it in rub-impact fault diagnosis of rotor system [20] . He et al. proposed an ensemble super wavelet transform for wind turbine fault diagnosis based on parameterization of tunable quality wavelet transform [21] . On the other hand, wavelet dictionaries are also important for sparse representation of dynamical signals [22] , [23] . Fan et al. extracted weak transients of rotating machinery using sparse representation based on Laplace wavelet dictionaries [24] . He et al. employed multiple wavelet dictionaries to realize isolation of different vibration modes simultaneously [23] . Chen et al. attempted to identify periodical impulsive transients in a sparse domain of envelope spectrum [25] . Zhang et al. presented a wavelet-based image restoration framework based on group-sparse Gaussian scale mixture model [26] . Aiming at detecting early crack signatures, Wang et al. proposed a denoising method combining wavelet packet technology with sparse code shrinkage [27] . According to the state-of-the-art researches in the literature, the utilization of redundancy and the improvement of time-frequency configuration are major trends of development of wavelet theory.
Among these multiple types of discrete wavelet bases, second generation wavelet transform (SGWT), proposed by Sweldens [28] , is celebrated for its biorthogonality and fast computation via lifting scheme. To make further decomposition on subspaces located on higher frequency ranges, second generation wavelet packet decomposition (SGWPD) was also developed. Jiang and Zhen utilized redundant lifting scheme to ensure shift-invariant analysis of vibration signals [29] , [30] . The importance of shift-invariance in dynamical signal analysis has been validated by Wang et al. [31] . Considering the fusion of exact shift-invariance and novel frequency-scale configuration, we propose a novel multi-scale decomposition in this paper. Within the novel decomposition, fractal lifting scheme (FLS) is put forward for post-processing of redundant SGWPD (RSGWPD). FLS is referred to the process of generating implicit wavelet packets (IWPs) via summing adjacent subspaces of wavelet packets. The resultant IWPs inherit attractive merits, such as symmetric frames, localized time-frequency atoms, exact shift-invariance, from undecimated lifting scheme. Because central analysis frequencies (CAFs) of IWPs are located in edges of passing bands of dyadic subspaces, IWP can be combined with conventional wavelet packets to enhance the incipient fault feature extraction performance. A novel concept of nested centralized wavelet packet cluster (NCWPC) is introduced for investigating sets of IWP sharing identical CAFs. It is shown IWPs within an NCWPC can realize multiresolution around a specific CAF, which is a novel and attractive property for discrete wavelet analysis. As the decomposition stage goes deeper, generations of NCWPCs exhibit the phenomenon of fractal sets.
On the basis of this novel decomposition, a fault diagnosis technique is proposed for fault feature extraction from nonstationary vibration signals. RSGWPD and FLS are combined to decompose original vibration measurements. An impulsiveness evaluation indicator, named as spatial-spectral ensemble kurtosis [25] , is introduced to select optimal analysis parameters. Moreover, optimal filtering results in the time domain and in the envelope spectrum domain can indicate periodical fault features contained in the original dynamical signal. Engineering applications were employed to verify the enhanced effectiveness of the proposed technique. Results of some other mainstream signal processing methodologies, such as dual tree complex wavelet based techniques, fast kurtogram, and ensemble empirical mode decomposition (EEMD), were also tested. The comparisons demonstrated the superiority of exact shift-invariance and centralized multiresolution in fault feature extraction.
II. CONSTRUCTION OF FRACTAL LIFTING SCHEME
Second generation wavelet transform (SGWT) is a wellknown type of symmetric biorthogonal wavelet transform. Wavelet packet decomposition is also available for SGWT. However, deficiencies, such as shift-variance and fixed frequency-scale configuration are also inherited in the SGWPD. As such, a novel fractal lifting scheme is proposed in this section.
A. UNDECIMATED SECOND GENRATION WAVLET PACKET TRANSFORM
Second generation wavelet transform (SGWT) is realized via lifting scheme, which is an equivalent implementation of Mallat's tree-structured filterbank [14] . Figure 1(a) illustrates implementation of lifting scheme during the analysis phase and the synthesis phase of SGWT. Four steps, including splitting, predicting, updating, and merging are employed in the above two phases. The employed wavelet bases are virtually determined by a prediction operator P and an updating VOLUME 7, 2019 operator U . Numerically, P and U are one-dimensional realvalued series. To perform multi-stage wavelet packet decomposition, operations of cascaded prediction and cascaded updating are utilized in the analysis phase as well as in the synthesis phase, which are shown in Figure 1 (b,c) .
Let the length of P and U be represented as N P and N U , temporal waveforms of the scaling function and the wavelet function can be produced by applying multi-scale synthesis on discrete Dirac sequence δ(n − n 0 ), as shown in Figure 2 . The Dirac sequence δ(n − n 0 ) is defined as
In Figure 2 , Symmetries of the temporal waveforms can ensure the property of linear phase in the entire multi-stage decomposition. Moreover, the displayed bases are of sharp resolution in the time domain, which is extremely suitable for matching transient features in dynamical measurements.
To guarantee exact shift-invariance, undecimated lifting scheme (ULS), which has a strong relation with a'trousalgorithm [29] , is utilized, which is shown in Figure 1 (b,c) . In ULS, the operations of splitting and merging are eliminated. Prediction operators and updating operators adopted at different stages are also diversified due to upsampling. The prediction operator and the updating operator at the initial stage of ULS can be represented as
At deeper decomposition stages, associated operators are obtained by performing upsampling on operators in Equation (2) . Let coefficients of original operators P and U be represented as p(i) and u(i). The operators of P (l) and U (l) are expressed as
and
where l is a positive integer greater than 1. The length of P (l) and the length of U (l) are 2 l−1 (N P −1)+1 and 2 l−1 (N U −1)+ 1 respectively. With such prediction operators and updating operators at different stages, the algorithm of ULS for dyadic second generation wavelet packet decomposition on an input signal {x(n)} can be described as below. Let the input discrete signal be denoted as x(n) and define d 11 (n) = x(n). The length of x(n) is L. In the analysis phase, the prediction step is shown as
and the step of updating is
While in the synthesis phase, the step of updating is
and the step of prediction is
The reconstructed signal is expressed as
Compared with dual tree wavelet packet transform, a remarkable convenience of ULS is that it utilizes an identical prediction operator and an identical updating operator. While for dual tree decompositions, structure of the filterbanks are relatively complicated [15] .
B. NUMERICAL STRATEGY FOR CONSTRUCTING IMPLICIT WAVELET PACKET
As stated in Section A, ULS for wavelet packet decomposition can further enhance frequency resolution of higher frequency subspaces, but an intrinsic drawback is also inherited. In dyadic wavelet packet decompositions, each wavelet subspace possesses a unique central analysis frequency. For fault features whose spectral counterparts lie in transition bands of dyadic subspaces, performance of feature extraction decreases significantly. Aiming at solving this problem, a strategy for constructing implicit wavelet packet is proposed. This strategy emerges as a postprocessing way of ULS to generate additional nonconventional wavelet packet. Let the input signal be {x(n)} of length L, steps of the strategy are listed as below.
Step 1: Perform J -stage redundant second generation wavelet packet decompositon on {x(n)} such that 2 J coefficient series are generated after the analysis phase, shown as
Step 2: Perform single branch reconstruction on the set c J . Step 2.1:
Step 2.2: Conduct the synthesis phase onĉ J ,k to obtain 2 J single branch reconstruction signals, shown as
Step 3: The order of elements in D J are rearraged according to asceding order of central analysis frequencies. The output of this step is
The mapping between the sets of D J and R J can be expressed using Gray code mapping ( Figure 3) .
Step 3.1: For a specific wavnelet packet r J ,k (n), let the binary coding of the index (k − 1) be
Step 3.2: Define a new binary code series as below.
Step 3.3: Let a new integer indexk be defined as
Step 3.4: The mapping of D J and R J can be expressed as
As an example, the rearrangement of a there stage wavelet packet decomposition is shown in Figure 3 .
Step 4: Generate implicit wavelet packets from the set R J , shown as 
C. FREQUENCY-SCALING CONFIGURATION AND EXACT SHIFT-INVARIANCE OF FRACTAL LIFTING
The frequency-scale paving of conventional dyadic wavelet packet decompostion is shown in Figure 4 (a). From the diagram, it is seen that each wavelet packet is equipped with a uniuqe CAF. Based on multi-stage RSGWPD and the proposed IWP construction strategy, the frequency-scale paving of IWPs are shown in Figure 4 (b).
In the novel frequency-scale configuration, there are groups of wavelet packets sharing identical CAFs. The orginal signal can be regarded as a trivial IWP, denoted as iwp 1 0 . For other nontrivial IWPs (wp j k ), where the integers k, j ≥ 1, a novel concept of nested centralized wavelet packet cluster (NCWPC) can be constructed. For ∀j = 1, 2, . . . , 2 j and k ≥ 2, an NCWPC is defined as
where CAF k,j = f s /2 k+1 + (j − 1) · f k denotes the shared central analyzing frequency of an NCWPC and f k = f s /2 k denotes the passing band width of the first element in the set NCWPC k,j ;
A few examples of NCWPCs are illustrated in Figure 5 . It is observed that, at the first stage, where iwp 1 1 is generated, NCWPS 1,1 is produced. At the next stage, two new NCWPCs are built. Such phemomenon continues as the decomposition stage goes deeper. At stage k of implicit wavelet packcet decomposition, 2 k new NCWPCs are produced. If we scale the heigh of each sacle by a factor of 1/2, it is inferred that the colored staircase rectangular shapes are geometrically selfsimilar. For convenience, we marked the heighs by 1/2 k on right side of Figure 5 .
To investigate the properties of wavelet atoms in NCWPCs, temporal waveforms and envelepes of four leading elements in the set NCWPC 1,1 are plot in Figure 6 . Owing to sharing of an identical CAF at f s /4, their resonance frequency are identical. Their envelopes are also self-similar and the shapes are dilated by a factor of 2 as the decomposition stage increases. In Figure 7 , passing bands of the IWP functions via Fourier transform are plotted in a 3D coordinate system. They possess well-defined passing band and their shapes are also self-similar.
Exact shift-invariance is an attractive property in RSGWPD via undecimated lifting scheme. We attempt to prove that this property is inherited in the derived IWPs. According to theory of signals and systems, a linear system is referred to a system where the input x(t) and output y(t) satisfy linear superposition properties, denoted as
This system becomes linear time invariant (LTI) if the following property is satisfied.
50916 VOLUME 7, 2019 FIGURE 6. Impulse response of wavelet functions in a nested centralized wavelet packet cluster. As shown in Section B, IWPs are constructed by combining two adjacent wavelet packets. In an equivalent way, the impulse response function of iwp k,j can be regarded as superposition of those belonging to adjacent wavelet packets.
Owing to the LTI property of RGSWPD, for dyadic wavelet packets the following relations in Equation (21) and Equation (22) are satisfied.
Time Delay
Time Delay By adding the above two equations, we have the following equations.
As such, the LTI property is inherited by IMPs via fractal lifting scheme.
III. EVALUATION OF ENHANCED SHIFT INVARANCE OF RSGW DECOMPOSITION
For simplicity of comparison, in this section, rather than wavelet packet decomposition, dyadic wavelet transforms are utilized to decompose simulated signals. These transforms used for comparisons are redundant second generation wavelet transform (RSGWT), DTCWT and SGWT. To validate the benefit of exact shift-invariance, a discrete signal is simulated as
where shw i (t) = A i cos(2πf i t) is the expression of a simple harmonic waves (SHWs). Information of the four SHWs are shown in Table 1 . The sampling frequency and the sampling length of the simulated signal are 1000Hz and 1000 respectively. The time-domain waveforms and Fourier spectra are displayed in Figure 8 . Three-stage wavelet decompositions are planned to be performed on the simulated signal x(t).Therefore, magnitude spectra of wavelets at each scale are also shown in Figure (8b) . The frequencies of SHWs are selected such that they are located at frequencies with greatest magnitude gains. On the other hand, as can be inferred from Figure (8b) , phenomena of energy leakage is inevitable for finitely supported discrete wavelet transforms due to that their frequency responses are not of ideal brick shapes. We employed RSGWT, DTCWT and SGWT to decompose the simulated signal. In Figure 9 , time-domain waveforms with their Fourier spectra, generated by performing RSGWT on the simulated signal, are shown. The four SHWs are successfully extracted at different wavelet subspaces. It should be emphasized that some interfering components are also presented due to non-brick wall shapes of frequency responses mentioned above. Energies of SHW3 significantly leak into adjacent wavelet subspaces because it is high in amplitude.
In Figure 10 , we plot time-domain waveforms with their Fourier spectra generated by DTCWT. A Q-shift orthonormal basis of length 20 [32] was utilized in the decomposition. Comparing the time-domain waveforms with those in Figure 9 , we observed that phenomenon of amplitude modulation is even more prominent in results by DTCWT. While in their corresponding Fourier spectra, energies of leaked SHWs significantly increase and some components, which do not exist in the original signal, emerge. The energy leakage phenomenon and artificial components are marked by colored arrows in Figure 9 . Moreover, the amplitude of leaked SHW3 in Figure 10 (h) also grows considerably.
To compare differences of their spectra, zoom-in plots of Figure 9(b, d, f, g ), Figure 10(b, d, f, g ) and those of SGWT are reproduced in Figure 11 . To illustrate the nonexistent components caused by shift-variance decompositions, we marked actual frequencies of SHWs in the simulated signal by colored dot lines. In the results by RSGWT, owing to exact shit-invariance, there are no interfering components at all. While in the results by DTCWT and SGWT, many artificial components are presented due to nearly shift-invariance and poor shift-invariance. Especially in results by SGWT, this phenomenon is even more severe. As shown in Figure 11 (a3, b3, c3, d3) many components of extremely high amplitude are found on the spectra of wavelet subspaces.
Correlation coefficient, derived based on the mathematical concept of inner product, is an important indicator measuring the similarity between two time-domain series. The definition of correlation coefficient is given by the following formula where {r i (n)} denotes the reconstruction signal after synthesis process. Greater values of correlation coefficients mean higher similarity. The correlation coefficients between the original SHWs and the single branch reconstruction signals using different decompositions are shown in Figure 12 .
As shown in Figure 12 , no matter what the scale is, single branch reconstruction signals generated by RSGWT result in highest corelation coefficients. While, for DTCWT, except for the scale at the highest frequency range, the computed coefficients are greater than those of SGWT.
On the other hand, for each scale, we introduce the concept of signal-to-noise ratio (SNR) as another way to measure similarities. For a specific wavelet scale generated by decompositions mentioned above, the energy of useful information EnShw(r i ) and the energy of noisy components EnShw(r i ) are defined as and
wherer i (f ) represents the Fourier spectrum of {r i (n)}. Related SNR values are shown in Table 2 . Identical conclusions can be achieved as those from Figure 12 . From comparisons demonstrated above, it is consolidated to conclude that better shift-invariance is beneficial for reducing artificial errors and unexpected interferences. For the simulated signal, RSGWT achieves the best results because of exact shift-invariance. While DTCWT gains enhancement compared with scalar wavelet transform.
IV. THE PROPOSED FAULT FEATURE EXTRACTION TECHNIQUE
Exact shift-invariance is beneficial to extract incipient fault features in dynamic measurement of condition monitoring. As demonstrated in above sections, IWPs via fractal lifting inherits exact shift-invariance but possess distinct frequencyscale paving compared with traditional dyadic decompositions. Therefore, dyadic wavelet packets and IWPs are combined to decompose dynamic signals and analysis incipient features.
In this section, a fault feature extraction technique is proposed based on fractal decomposition of dynamic signal and scalar-indicator based filtering parameter optimization. The employed scalar-indicator is spatial-spectral ensemble indicator (SSEK). This indicator measures the impulsiveness of one dimensional signal based on combined information from time domain and spectral domain. SSEK is robust in suppressing interfering due to harmonic components as well as sporadic impacts in the time domain.
The procedure of the proposed fault-feature extraction method is listed as below.
Step 1: Decompose dynamic signal x(t) via RSGWPT, and reconstruct single branch signals {r k,j (n)}.
Step 2: Construct of IWPs using {r k,j (n)}. As a result, decomposition results using {iwp k,j (n)} are obtained and they are represented as {r iwp k,j (n)}.
Step 3: Evaluate the periodical impulsiveness of dyadic wavelet packets and IWPs using the indicator of SSEK. Let the single branch reconstruction signal of a specific wavelet packet be {w(n)}, and associated analysis parameters of this wavelet packet can be denoted as AP(f c , f l , f h ), where f c is the central analysis frequency, f l and f h are lower bound and upper bound of its passing band. Step 3.1: Compute kurtosis of {w(n)} in the time domain.
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Kt(w{n})
where the variable µ stands for the mean value of input signal and the operator E(·) computes the mathematical expectation of input signal.
Step 3.2: Compute kurtosis ofŵ(f ) in the passing band of {w(n)} in spectral domain.
Ks(ŵ{f
Step 3.3: Thresholding process of Ks(ŵ{f }) to eliminate interferences caused by sporadic impacts and other components.
Ks(ŵ{f })= sgn Ks(ŵ{f }) − T t · sgn T b − Ks(ŵ{f }) .
(30)
Step 3.4: Compute SSEK value of the wavelet packet using the following formula.
Step 4: Choose the wavelet packet with greatest SSEK indicator.
Step 5: Filter the original signal using the optimal parameters and investigate fault features in the time domain and in the envelope spectrum domain.
V. ENGINEERING APPLICATION OF GEAR FAULT A. INTRODUCTION OF THE ELECTROMECHANICAL SYSTEM AND BASIC PROCESSING OF DYNAMIC SIGNAL
The investigated machine was located in a modern large steel manufacturing enterprise in eastern China. In the production line of hot strip milling, there were seven milling stands working together. For each milling stand, two alternated current motors were cascaded to provide huge milling torques. Two stages of reduction gearboxes were utilized to amplify the motor torques. Owing to heavy loads, herringbone gear transmissions were used. The schematic diagram of one milling stand is shown in Figure 13 . The output torque is applied on the supporting rollers such that the hot strip can be transformed into thinner shapes, which is shown in Figure 14 .
In the production line, machines were working at conditions of high temperature and heavy load. To monitor the health states of the milling stands, vibration sensors were mounted on bearing supports. The acquired data was stored in the cloud database of the enterprise such that professional staff can get access to the measurements and make off-line processing.
In a routine measurement, statistical analysis shown that root-mean-square value of the acceleration signals at sensor point 1, indicated in Figure 13 , exhibited significant increment compared with that of historical data. To make further investigations, the time domain signal with its Fourier spectrum are displayed in Figure 15 . The rotation speed of the motor was measured at 190r/min-1 using a tachometer, and other parameters of the system can be calculated using Specifications of the milling stand shown in Table 3 . The sampling frequency and the sampling length of the vibration signal are 2560 and 16384 respectively. In the time domain (Figure 15(a) ), signatures of the original measurement is so complicated that no explicit abnormal features can be detected. While in the Fourier spectrum (Figure 15(b) ), spectral bins of gear meshing frequency and their high order tones can be found. Based on the above information, no conclusion can be achieved.
The envelope spectrum of the original signal, which is generated based on Hilbert transform, is plotted in Figure 16 . Although there are some spectral peaks of high energy, no features reflecting faults can be confirmed.
B. FEATURE EXTRACTION USING THE PROPOSED METHOD
By using the proposed feature analysis technique, two dimensional diagram of SSEK is plotted in Figure 17 . The optimal wavelet packet is an implicit wavelet packet, whose CAF and passing band are 240Hz and [220,260]Hz respectively. The SSEK of the selected subspace is calculated at 6.945.
According to the selected analysis parameters, we plot the filtered results in Figure 18 . In Figure 18 (a), we can find several groups of repetitive impulses. The most remarkable group is the one marked by green arrows (I1). The averaged occurrence period is computed as 0.9490s. That is to say, the occurrence frequency of the impulses is 1.0538Hz, very closed to rotation speed of bull gear of the investigated gearbox (Table 3 ). Further investigation shows that beside these impulses there are also other impulses of relatively small energy. As shown in Figure 18 (a), the impulses marked by red triangles (I2) and purple triangles (I3) are also recognized. From the above observations, it is seen that between two impulses of large amplitude there are two small impulses spaced at the same interval. Therefore, the occurrence frequency of the repetitive impulses is actually 3.1613Hz. This frequency is much closed to the rotation speed of the pinion in value. While, in the envelope spectrum of the IWP (Figure 18(b) ), spectral bins, whose values are approximate multiple of 1.059Hz, are also found. Based on the features, it is sufficient to conclude that there are faults happening on the meshed gears.
The diagnostic conclusion was verified in a shutdown inspection. The reduction gearbox was opened such that the bull gear and the pinion can be examined. Teeth of surface spalling with different severities were detected on the meshing teeth. On the bull gear, three faulty teeth, equally spaced on the pitch circle were found. Figure 19 is a photograph showing conditions of one faulty tooth. On the pinion, there was only one tooth with such fault.
On the basis of the diagnostic information of signal processing and confirmation of shutdown inspection, we verify the correctness of the diagnostic conclusion. The transmission ratio of the reduction gearbox was improperly chosen as 1:3 (input/output). A surface spalling firstly occurred on one tooth of the pinion gear. The faulty tooth contacted with three equally spaced teeth on the bull gear periodically, therefore causing faults with different severities. Figure 20 demonstrates the SSEK distribution using dual tree wavelet based decomposition. The optimal wavelet packet is the one with f c = 230Hz and passing band [220,230]Hz. The filtered result using such parameters is shown in Figure 21 . It is seen that the group of impulses with large amplitude were easier to be recognized. But the other two groups of impulses are masked by strong noises. To verify the importance of exact shift-invariance, we select the implicit wavelet packet with analysis parameters in last subsection. The time domain waveform and its envelope spectrum are shown in Figure 22 . The three groups of impulses were not fully extracted. In the envelope spectrum, energies in higher frequency range increase significantly.
C. COMPARISON WITH RESULTS BY OTHER METHODS
In Figure 23 , the analysis results based on fast kurtogram are illustrated. Although the group of impulses with high amplitude can be found, other impulsive components are also masked by strong interferences. In the associated envelope spectrum, energies of the spectral bins related to rotation frequencies of pinion also decrease substantially. Figure 24 shows the decomposition result of the vibration signal using EEMD. Among the intrinsic model functions, we are not able to recognize any group of repetitive impulses. The reason can be attributed to relative low spectral resolution of EEMD. We also tested EEMD with other noise intensity but it still failed in fault feature extraction.
VI. ENGINEERING APPLICATION OF BEARING FAULT DIAGNOSIS A. INTRODUCTION OF THE ELECTROMECHANICAL SYSTEM
In this section, we investigate the problem of condition monitoring of a hot strip temper mill. Temper mill is an important machine in continuous annealing production lines during cold rolling operations. Figure 25 shows the transmission chain of a temper mill. This electromechanical system consists of an AC motor, one stage reduction gearbox and rollers. Shafts of the components are connected using mechanical couplings. Electrical parameters and mechanical parameters of this machine are shown in Table 4 .
Maintenance staff patrolled these equipments of temper mill periodically. Vibration sensors were mounted on thee bearing supports of motor, gearbox such that dynamic measurements can be recorded. In one certain testing, on-site staff heard abnormal sound near the driven AC motor. The rotation speed of the temper mill was relatively constant. It was measured at f ω = 694r · min −1 (11.57Hz) using a hand-held photoelectric tachometer. To investigate the vibration signals, it is necessary to acquire characteristic frequencies of roller element bearing (REB). According to available fault model of REB, related characteristic frequencies include fundamental chain frequency (FTF, f b ), ball spin frequency (BSF, f e ), ball passing frequency of outer (BPFO, f o ) and ball passing frequency of inner (BPFI, f i ). Theoretical values of these frequencies can be computed using the following formula.
where D p is the pitch circle diameter, d is the roller number, n is the roller number and θ is the contact pressure angle. Based on the measured rotation speed of the AC motor, characteristic frequencies of REB on the free side and the load side are listed in Table 5 .
B. FAULT FEATURE EXTRACTION USING THE PYOPOSED MATHED
In Figure 26 , the time domain waveform and Fourier spectrum of the vibration signal, collected from the load side of the AC motor, are displayed. The sampling frequency and the sampling length of the measurement are 2560Hz and 4096, respectively. Form Figure 26 (a), a component of slowly varying trend is observed, but it is coupled with multiple other modes of vibration. In the Fourier spectrum ( Figure 26(b) ), there are many spectral bins with high amplitude. In Figure 27 , the envelope spectrum of the vibration signal is shown, the contents are very complicated and no immediate conclusion can be obtained. To make further investigation of the original REB vibration measurement, the proposed method is employed. In Figure 28 , the two dimensional distribution of SSEK indicator is drawn. The optimal analysis parameters are selected as AP(320Hz, 240Hz, 400Hz). The corresponding subspace is also an IWP. From Figure 29(a) , in the time domain waveform of the optimal wavelet packet, periodical decaying vibrations are extracted. While, in Figure 29 (b), three remarkable spectral bins of high amplitude are found. The frequencies of these spectral bins are 53.98Hz, 119.4Hz, 178.8Hz and 238.1Hz. The fundamental frequency of the fault is 53.98Hz, which is very close to BPFO of REB on the load side (Table 5) .
Based on the abnormal sound and the extracted features, the REB on the load side was disconnected form the support to check its status. On the outer race of the REB, a small cave due to pitting corrosion was found. Moreover, severe corrosion occurred on outer race surfaces and inner race surfaces of the bearing simultaneously. From this shutdown inspection, it was found that electric erosion existed during operations of temper mill. Existence of electric erosion significantly reduced the surface strength of roller races, and further caused the mechanical fault of pitting erosion on outer race.
C. RESULTS GENERATED BY OTHER COMPARISON METHODS
a. Comparison with shift-invariant dyadic second generation wavelet packet decomposition In Figure 28 , the optimal subspace is an IWP engendered by fractal lifting. This IWP is constructed by r iwp 3,1 (n) = r 4,4 (n) + r 4,5 (n).
The time domain waveforms and their envelope spectra are shown in Figure 31 . However, in Figure 31 (b), the second order tone of the fault frequency was not found. On the other hand, a faulty harmonic component of the frequency 160Hz is produced. In Figure 31 (d), three unreal harmonic components were found. Frequencies of these components are 100.6Hz, 141.3Hz, 160Hz. As stated, these dyadic wavelet packets are exact shift-invariant during decomposition but they failed in extracting the fault features. IWPs generated by fractal lifting are beneficial to compensate the deficiency of frequencyscale paving of traditional dyadic decompositions. b. To verify the superiority of the proposed method, dual tree decomposition and SSEK indicator are combined to analyze the vibration signal. By using the same analysis parameters as in Section 6.2, the results are shown in Figure 32 . The waveform in Figure 32 (a) is similar to that in Figure 29(a) , but the periodical impulsive features are not so evident. In the envelope spectrum (Figure 32(b) ), the amplitude energies related to faulty frequencies decreases, especially for the components of 119.4Hz and 178.8Hz. Some other unreal harmonic components emerged. These components are marked by red values in Figure 32(b) .
c. Comparison with fast kurtogram and EEMD The analysis results by fast kurtogram are provided in Figure 33 . The optimal analysis parameters are AP(160Hz, 0Hz, 320Hz). The associated time domain waveform is somewhat impulsive, but there exists heavy noises. Similarly in the envelope spectrum, spectral bins related to fault frequency are very small in energy.
Decomposition results by EEMD are shown in Figure 34 . In each intrinsic mode function, the phenomenon of periodical impulses spaced at equivalent interval is not observed. Similar results were obtained after trying noises of different intensity.
VII. CONCLUSION
Major findings of this research paper are listed as below.
(1) Exact shift-invariance plays an important role in incipient feature extraction. Complex harmonic signals, containing a number of simple harmonic waves, were used to test performances of SGWT (shift-variant), DTCWT (nearly shift-invariant) and RSGWT (exact shift-invariant). Two indicators, the correlation coefficient and the SNR indicator, were used to evaluate the decomposition results. It is shown that RSGWT provides the best results without producing unreal features.
(2) In viewing of deficiencies of conventional dyadic wavelet packet decomposition, fractal lifting scheme is proposed for postprocessing of undecimated multistage lifting scheme. Implicit wavelet packets are generated via combination of single branch signals of adjacent dyadic wavelet packet subspaces. Temporal waveforms of IWPs inherit attractive properties of symmetric time-frequency atoms, exact shift-invariance. As a result, a novel type of centralized multiresolution can be explained with the concept of NCWPC. An NCWPC is referred to the set within which IWPs share an identical central analysis frequency. The generation of NCWPCs exhibits the phenomenon of fractal sets. 
